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In this paper, the main results concern Natural Exactly Covering Systems 
(NECS’s)(2) (i.e., Exactly Covering Systems (ECS’s)(2) connected with trees of 
a certain type), and are as follows: (i) In every NECS(2), the moduli are of 
the form 2~3fi5y7~. This is a result in the direction in which Zniun. made an 
incorrect conjecture. (ii) The maximal number of disjoint NJXS’s(2) (i.e., 
the maximal number of NECS’s(2), such that in the set containing all their 
moduli every modulus occurs at most twice) is six. (iii) In every NECSQ, the 
smallest modulus is less than 49. This is the first negative result in attempts to 
find an upper bound for the smallest modulus in general. 
1. DEFINITIONS, NOTATION, KNOWN RESULTS, AND PURPOSE OF THIS PAPER 
The concept of covering systems of congruences (CS) was introduced by 
Erd6s 131. 
A CS is a set of ordered pairs of integers (ai , ni) i = 1, 2 ,..., k, ai > 0, 
ni > I and 
n+ # nj , for i # j, (1) 
such that every integer satisfies at least one of the congruences x = ai 
(mod no. 
An Exactly Coaering System (ECS) is defined [3] similarly, but omitting 
condition (1) and requiring that every integer satisfies exactly one of the 
congruences x = ai (mod Q). 
It is known [4] that the moduli n, < n2 < ... < nl, of an ECS satisfy 
,$ 114 = 1. (2) 
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Denote by ECS(M) an ECS each modulus of which occurs at most M 
times. Since in every ECS we have nkeI = nk (see [3]), it follows that 
M = 1 is impossible, and we shall concern ourselves with ECS’s(2). 
Znam [8] considered certain undirected rooted trees (see for example 
[I]), which do not contain any vertex of degree 2 except (possibly) for the 
root, and assigned every edge of this rooted tree a natural number as 
follows: 
(a) to all edges incident with the root, the number R, R 2 2, the 
degree of the root; 
(b) to any edge not incident with the root, the number S - 1, where 
S is the degree of that endpoint of this edge which is closer to the root. 
These natural numbers are called values of edges. If G is any rooted 
tree of the required kind, V0 is its root and V is a vertex of G, then the 
product of the values of the edges of the path between V and V,, is called 
the product-distance of V from V,, . 
The above rooted trees will be called hereafter Z rooted trees (Z for 
Znim). Connecting Z rooted trees with EC%, Zndm proved in [8] the 
following theorem: 
THEOREM (Znam). If n, ,..., nk are the product-distances of vertices of 
degree one in a Z rooted tree, then nl ,..., nk are the moduli of an ECS. 
The converse of the theorem is false as shown by the following example, 
which is due to Porubsky [5]. The natural numbers (6, 10, 15, and 20 times 
30) are the moduli of an ECS(20), but are not the product-distances of 
vertices of degree one in any Z rooted tree. 
DEFINITION 1. An ECS, whose moduli n, ,..., nk are the product- 
distances of the vertices of degree one in a Z rooted tree, will be called 
(after Porubsky [5]) a Natural ECS (abbreviated NECS). 
An obvious consequence of Znam’s theorem is contained in the following 
remark: 
Remark 1. Let m, < m, .a* < mk denote the different moduli of a 
NECS, and let R be the degree of the root in the corresponding Z rooted 
tree. Then R / mi , thus mi = Ry( for i = 1, 2 ,..., k. 
DEFINITION 2. ECS’s(M) will be called disjoint, if in the set containing 
all their moduli, every modulus occurs at most M times. 
A famous question of Erdiis [3] is: 
QUESTION 1. Does there exist for each natural number n a CS whose 
min(&) > ?2? 
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The problem is rather difficult and as yet unsolved. Thus the following 
question arises: 
QUESTION 2. Does there exist for each natural number n an ECS(2) 
whose min(n<) > n? 
In Section 4, we prove that in the framework of NECS’s(2), the answer 
to Question 2 is negative. Unfortunately, this result does not settle 
Question 2 since there exist ECS’s(2) that are not NEWS(~) (see [2, 
Example 2, pp. 3721). 
Other purposes of this paper are: 
(i) to characterize the moduli of NECS’s(2), 
(ii) to determine the maximal number of disjoint NEWS(~). 
This is done in Sections 2 and 3, respectively. 
2. CHARACTERIZATION OF THE MODULI OF NECS’s(2) 
In this section, we characterize (Theorem 1) the moduli of NEWS(~). 
The connection between Theorem 1 and a conjecture of Znrim [7] is shown 
in Remark 4. 
LEMMA 1. Let 2=p,-cp,< .a* < pk be consecutive primes and 
k > 5. Then 
2 fi Pi/hi - I) < Pk * 
i=l 
Proof. The proof will be done by induction on k. For k = 5, we have 
2fip,,(p,-1)=9$<11 
i=l 
and the assertion is true. Assume the assertion is true for k = t 2 5 and we 
shall prove it is true for k = 1+ 1. By our inductive assumption we have 
2 Ii PiKPi - 1) c Pt 
i=l 
and we must show that 
(3) 
holds. 
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It suffices to show that 
Pt(Pt+dl(Pt*1 - 1) <Pt+1 * (4) 
But (4) is a consequence of pt + 1 < pt+l . This proves (3). 
Remark 2. In Lemma 1, k > 5 is best possible, since Lemma 1 is 
false for 1 < k < 4. 
NOTATION. Throughout this paper, 2 = p1 , p2 , p3 ,... will denote the 
consecutive primes. 
Remark 3. If q1 < q2 -C *+. < qt are primes not necessarily con- 
secutive then the product nL=, qJ(qu - 1) represents the sum of all 
distinct unit fractions l/x where 1 < x = l-J:=, q> , 01, = 0, 1,2,... and 
u = 1) 2,. ..) t. 
LEMMA 2. The value A of any edge in the Z rooted tree corresponding to 
any NECS(2) is less than nine (i.e., 2 < A < 8). 
Proof. We shall assume that for some NECS(2), the corresponding Z 
rooted tree G contains an edge whose value A is A > 9, and reach a 
contradiction. 
Let G be a Z rooted tree of the required kind. Let I/ be a vertex whose 
degree is maximal in G, such that A edges stem out from, each being of 
value A and A > 9. Denote the respective endpoints of these A edges by 
Vl > vz ,-**, v/t * 
Suppose there are r vertices w1 : w2 ,..., w, of degree one in the Z rooted 
trees attached to the vertices V, , Vz ,..., VA . If w,(l < b < r) belongs to 
the Z rooted tree that stems out from the vertex V, (1 < a < A), then the 
product of the values of the edges of the path between I’, and wa will be 
denoted by Na . Let 1 6 Ml < Mz < a.. < h4, denote the different 
values that Na (b = 1, 2,..., r) assumes. The value Mr = 1 is not excluded, 
since V, = wb is possible. Furthermore, each value Mj (j = 1,2,..., s) 
occurs among the Nb’s at most twice by the assumption that G corresponds 
to some NECS(2). Clearly then, we have 
&l/N,= f,xiIMi=A, 1 <xj,<2, j=l,2 ,..., s, (5) 
j=l 
where xi denotes the number of occurrences of Mi . 
Suppose 
q1 < qa < .** < qt, j = 1, 2 ,..., s, (6) 
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where qr , u = 1,2 ,..., t are primes not necessarily consecutive. By the 
maximality of A, we have qt < A, and by our assumption A 2 9. We 
conclude our proof by distinguishing two cases, namely, qt > 11 and 
qt < 7. 
If 11 d qt = pk , we obtain by (5), (6), Remark 3, and Lemma 1: 
which is impossible. Finally, if qt < 7 = p4 , it follows by our assumption, 
by (5), (6), and Remark 3: 
The last contradiction completes our proof. 
COROLLARY 1. The value R in the Z rooted tree corresponding to any 
NECS(2) is less than nine (i.e., 2 < R < 8). 
We now can state the main result of this section in the following 
theorem: 
THEOREM 1. The moduli of any NECS(2) are of the form 2a3B5y76. 
Proof. The moduli of any NECS(2) being products of values of edges 
in the corresponding Z rooted tree are composed of factors which by 
Lemma 2 are bounded by 8. Therefore, their only possible prime factors 
are 2, 3, 5, and 7. 
Remark 4. Zniim [7] conjectured: If in an ECS there exist only pairs 
of equal moduli (i.e., no three are equal), then all moduli are of the form 
n, = 2”3Br, where (Y~ and /li are nonnegative integers. Schiinheim and the 
author disproved this conjecture [6] by means of a counter-example. 
In the sixth example of Section 3, a NECS(2) whose moduli are actually 
multiples of the primes 2,3, 5, and 7 is constructed. This shows that 
Zndm’s conjecture is incorrect even for NECS’s(2). Furthermore, another 
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example shows that Znam’s conjecture is false for ECS’s(2), which are not 
NECS’s(2) (see [2, Example 2, pp. 3721). 
The following statement has neither been proved, nor disproved: The 
moduli of an ECS(2) are of the form 2~3”5~7”. 
3. ON THE MAXIMAL NUMBER OF DISJOINT NECS’s(2) 
In this section we establish (Theorem 2) the maximal number of disjoint 
NECS’s(2). We also exhibit a corresponding maximal set. Furthermore, 
the maximal number of disjoint ECS’s(2) all of whose moduli are of the 
form 2”3fl5~7~ is the same (Theorem 3). 
THEOREM 2. The maximaI number of disjoint NEWS(~) is six. 
Proof. Let D denote the maximal number of disjoint NECS’s(2). 
First we shall assume that D 2 7 and reach a contradiction, then we 
exhibit six disjoint NECS’s(2). 
Denotebyl <M,<M,<*** < Mt all the different moduli belonging 
to the D disjoint NECS’s(2). By Theorem 1, we have 
Mi = 2aj3sj5yj76j, j = 1) 2,. . .) 1. 
Furthermore, by (2) and by our assumption 
(7) 
7 < D = i xjlMj, 1 < Xj < 2, j = 1, 2 )..., t, (8) 
j=l 
where xj denotes the number of occurrences of Mi . Now, by (7) and (B), 
and since by Remark 3 
we obtain 
(9) 
This contradiction proves that D < 7. 
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The following six NECS’s(2) are disjoint, and we list only the different 
moduli each occurring exactly twice: 
1. m, 
2. (3, 9, 27, 54}, 
3. (4, 8, 16, 32, 64, 96, 1921, 
4. (5, 10, l&20,40,45, 80, 135, 160,270,320,480,960), 
5. (6, 12, 18, 24, 30, 36, 48, 60, 72, 90, 120, 144, 180, 240, 360, 720}, 
6. {7, 14, 21, 28, 35, 42, 56, 63, 70, 84, 105, 112, 126, 140, 168, 189, 
210, 224, 252, 280, 315, 336, 378, 420, 448, 504, 560, 630, 672, 840, 945, 
1008, 1120, 1260,1344, 1680,1890,2240,2520,3360,5040,6720). 
This completes the proof of Theorem 2. 
THEOREM 3. The maximal number of disjoint ECS’s(2), all of whose 
moduli are of the form 2”385~76 is six. 
Proof: The proof is the same as that of Theorem 2, but Eq. (7) holds by 
assumption. 
4. THE BOUNDEDNFZSS OF THE SMALLEST MODULUS IN NECS’s(2) 
We shall now find (Theorem 4) an upper bound for the smallest modulus. 
We mention here that Theorem 4 is the first negative result in the direction 
of Question 2 of Section 1. 
THEOREM 4. In every NECS(2), min(ni) -=I 49. 
Proof. We shall assume that there exists a NECS(2) with min(n,) >, 49, 
and reach a contradiction. 
Let m, < m, < a.. < mk denote the different moduli of any NECS(2), 
and xi the number of occurrences of mi for i = 1,2,..., k. Then, by (2), 
Remark 1, and since 1 < xi < 2, we have 
implying 
and by Theorem 1 
yi = 2”‘3&5Y’7% 
3 i = I, 2 ,..., k. 
(10) 
(11) 
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Now, according to Corollary 1, the cases R = 2, 3,..., 8 will be 
considered separately as follows: 
R = 2. By our assumption y, 2 25. Then by (lo), (11), (9), and 
since 
for cj = 2aj36j5rj76j, 1 = c, < cz < ... < cl8 = 24, 
we have 
a contradiction. 
R = 3. By our assumption yl > 18. Hence, by (9)-(ll), and since 
xii, l/j > 23, we obtain 
a contradiction. 
R = 4. 
X:=1 
By our assumption y, > 14. Thus by (9~(ll), and since 
l/j > 23, we have 
a contradiction, 
R = 5,6, 7, 8. By our assumption yI 2 7. Then by (9X11), and 
since & l/j > 2, we obtain 
a contradiction, which completes the proof. 
Remark 5. Probably, the bound 49 is not the best possible. The 
largest known value for ml is 21 (see [2, Example 1, p. 371]), and the 
following conjecture may be stated: 
CONJECTURE. In every NECS(2), the smallest modulus m, satisfies 
ml < 21. 
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To prove this conjecture, the values 22 < m, < 48 must be settled. By 
Theorem 1, 15 of these 27 values are eliminated immediately. Furthermore, 
using the facts that (12) is false even for y1 > 12 and so is (13) for y1 3 5, 
the additional values ml = 25, 35, 45 are also excluded. Thus, the 
remaining values to be settled are: m, = 24,27, 28, 30, 32, 36,40,42,48. 
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